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Abstract 

We give an explicit construction of any simply-connected superconformal surface 
LJ . 6: M'^ ^ in Euclidean space in terms of a pair of conjugate minimal surfaces 

(-^ I g, h: — > M^. That (p is superconformal means that its ellipse of curvature is a cir- 

cle at any point. We characterize the pairs {g, h) of conjugate minimal surfaces that 
give rise to images of holomorphic curves by an inversion in and to images of su- 
perminimal surfaces in either a sphere or a hyperbolic space by an stereographic 
projection. We also determine the relation between the pairs [g, h) of conjugate min- 
^ ' imal surfaces associated to a superconformal surface and its image by an inversion. 

, In particular, this yields a new transformation for minimal surfaces in M^. 

cn 
in 

Q : 1 Introduction 

^ ■ For any surface 0: in Euclidean 4-dimensional space the pointwise inequality 



K+\Kn\<\\H\Y (1) 

holds at every point of [15]. Here K denotes the Gaussian curvature of and Kn 
and H are the normal curvature and the mean curvature vector of 0, respectively. In fact, a 
similar inequality was derived by Guadalupe - Rodriguez |4y for surfaces of any codimension 
in space forms of sectional curvature c, namely, K + I-R'at] < \\H\\^ + c. Moreover, it was 
shown that equality holds at p G if and only if the ellipse of curvature E{p) of at p 
is a circle. 

Recall that the ellipse of curvature of a surface 0: N"^ in a 4-dimensional Rie- 

mannian manifold at p G is the ellipse in the normal space of at p given by 

E{p) = {a^{X,X) : X G TpM and ||X|| = 1}, 

where a<^ is the second fundamental form of with values in the normal bundle; see [1] 
and references therein for several interesting facts on this concept whose study goes back 
almost a century to the work of Moore and Wilson [12], [13]. Observe that the property of 
E[p) being a circle is invariant under conformal changes of the metric of iV^. 
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Following the terminology in pp we call a surface 0: — > superconformal if at 
any point the ellipse of curvature is a circle. Thus, the class of superconformal surfaces is 
invariant under Moebius transformations of M^. The condition of superconformality shows 
up in several interesting geometric situations. For instance, for a compact oriented surface 
integration of over yields the lower bound Jj^ \\Hf > 2nX{M) + \X{T^M)\ due to 
Wintgen [15] for the Willmore functional of (p in terms of the Euler characteristics of the 
tangent and normal bundles. Moreover, we have equality if and only if does not change 
sign and the surface is superconformal. 

In this paper, we provide an explicit construction of any simply connected superconfor- 
mal surface in M'^ that is free of minimal and umbilical points. Start with a simply connected 
minimal surface g: — > R'^, oriented by a global conformal diffeomorphism onto either the 
complex plane or the unit disk. Then, consider its conjugate minimal surface h: — R^, 
each of whose components with respect to this global parameter is the harmonic conjugate 
of the corresponding component of g (see [6J or [8J). Equivalently, = g^, o J, where J is 
the complex structure on compatible with its orientation. Notice that h is determined 
by (7 up to a vector v G M^. 

Now, let j+ and j_ be the two possible complex structures on T^M, and consider the 
complex structures JT^ and J7L on g*TM.'^ given by 

J± <=> 9* = 9* <=> J and J±\t^±m = J±- 
Our main result reads as follows. 

Theorem 1. Each of the maps M2 ^ R4 and ^ R^ defined by 

^± = 9 + J±h (2) 

parameterizes, at regular points, a superconformal surface. Moreover, 0+ and 0_ are con- 
formal to g and envelop a common central sphere congruence that has g as its surface of 
centers. Conversely, any simply connected superconformal surface that is free of minimal 
and umbilical points can be constructed in this way. 

By combining the preceding result with the generalized Weierstrass parameterization 
of Euclidean minimal surfaces [6] , [8] we have a parametric representation of all simply 
connected superconformal surfaces in R^. 

Recall that the central sphere congruence (or mean curvature sphere congruence) of a 
surface in Euclidean space is the family of two-dimensional spheres that are tangent to the 
surface and have the same mean curvature vector as the surface at the point of tangency. 
Therefore, our result implies the fact already known by Rouxel [H] that superconformal 
surfaces 0: — * R^ always arise in pairs ((/)+,(/)_) of dual surfaces that induce conformal 
metrics on and envelop a common sphere congruence, namely, their common central 
sphere congruence. Hence, the pair (0_|_, 0_) provides a solution to the higher codimensional 
version studied by Ma [9] of the problem, first considered by Blaschke for surfaces in R'^, of 
finding all such pairs of surfaces; see [5] for details on the latter and related facts. 
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We observe that superconformal minimal surfaces in are holomorphic curves. Here 
and elsewhere, by a surface /: being holomorphic we mean that / is complex 

with respect to a suitable complex structure of R^. Therefore, one obvious way to produce 
examples of nonminimal superconformal surfaces is to take compositions of holomorphic 
curves with an inversion in R^. Notice also that an isolated minimal point can always be 
removed by an inversion. Hence, locally and from the point of view of conformal geometry, 
assuming that the surface is free of minimal points in Theorem [T] is not essential. 

Finally, we point out that there is a correspondence between holomorphic curves in CP'^ 
and superconformal surfaces in R^. In fact. Theorem 5 in [Ij states that 0: — R^ = HI 
is superconformal if and only if either [0, 1] or [0, 1] is the twistor projection under Penrose 
twistor fibration tt: CP^ — > HP^ = of a holomorphic curve in CP3. Here H is the set of 
quaternions, MF^ the quaternionic projective space, (x, ?/) G \ (0, 0) i-^ [x, y] E HP-*^ the 
canonical projection and x E M. \—>- x E M the conjugation in H. 

In the next result we determine how the holomorphic representative (see [S] or [5]) 

G:=g + ih: ^ ^ R^ + iR^ 

of the minimal surface g: R^ associated to an oriented superconformal surface is 

related to the holomorphic representative G = g + ih of the minimal surface g: — >■ R^ 
associated to its composition = X o with an inversion I in R'^ with respect to a sphere 
of radius R taken, for simplicity, centered at the origin. 

Theorem 2. Assume that is not the composition of a holomorphic curve with an inver- 
sion. Then G = R^T o G, where T: — > is the holomorphic map 

and (( , )): C"^ x —>■ C is the linear inner product on C". 

For arbitrary m, the holomorphic map Tr := R^T: C™ C™ can be regarded as the 
inversion in with respect to the quadric 

Qk = {ZeC"':{{Z,Z)) = k} 

with k = R^. Notice that Tr is defined on C" \ Qo and takes any quadric diffeomorphi- 
cally onto Qni/k- 

As a byproduct of Theorem [2], we obtain the following remarkable property of the map 
T that, in particular, yields a new transformation for minimal surfaces in R^. 

Corollary 3. The holomorphic inversion map T preserves the class of holomorphic curves 
G = g + ih: whose real and imaginary parts g and h define conjugate minimal 

immersions into R^. 
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Next we characterize the minimal surfaces that give rise, by means of the construction 
of Theorem [H to the superconformal surfaces that are images of holomorphic curves by an 
inversion in R^. 

Theorem 4. Let 0: ^ be a superconformal surface parametrized by i^. Then, the 
following assertions are equivalent: 

{{) The surface is the composition of a holomorphic curve with an inversion in M^. 

(ii) The superconformal surface dual to degenerates to a constant map. 

{Hi) The minimal surface g is a holomorphic curve in M^. 

We point out that Rouxel [H] aheady observed that all spheres of the central sphere 
congruence of a composition of a holomorphic curve with an inversion pass through a fixed 
point and that, in this case, the surface of centers is a holomorphic curve. This is essentially 
the fact that the first assertion in Theorem H] implies the remaining two. 

In the process of proving Theorem HI the following interesting duality between holo- 
morphic and anti- holomorphic curves /: — > was revealed. In the next statement we 
denote by f^ the normal component of the position vector f in ^ C"^ , and by 7i+ and 
7Y_ the sets of holomorphic and anti-holomorphic surfaces in C^, respectively. 

Theorem 5. The map between 7^+ and Ti- given by f ^ f* = /^/2||/^|p is a bijection 
such that (/*)* = /. Moreover, the metrics induced by f and f* are conformal. 

Another class of superconformal surfaces in is that of stereographic projections of 
superminimal surfaces in the sphere S^. Recall that a surface g: Li^ S'^ is superminimal 
if it is minimal and superconformal; see [7] and the references therein for several character- 
izations of this very interesting class of surfaces. From a global point of view, it is worth 
mentioning that any minimal immersion of the sphere into is automatically super- 
minimal [H, and that every compact Riemann surface admits a conformal superminimal 
immersion into [2]. The latter result shows that there exist compact superconformal 
surfaces in with arbitrary topology. 

A further source of superconformal surfaces in arises by taking the stereographic 
projections onto a ball in of superminimal surfaces in the hyperbolic space H^. The 
latter were studied in [7] where, in particular, it was proved that there exist complete 
embedded simply-connected examples that are not totally geodesic. 

Superminimal surfaces in and can be regarded as the analogues of holomorphic 
curves in W^. It is natural to ask for a similar characterization to that of Theorem H] of 
the minimal surfaces that produce, by applying the procedure of Theorem [H stereographic 
projections of superminimal surfaces in a sphere = ^^{Re^] R) of radius R centered at 
i?e5, or in a hyperbolic space 

= H^(-i?e5; R) = {X el^ : {X + Re^, X + Re^) = -R^}. 
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Here we regard as the hyperplane through the origin and normal to the unit vector 65 
in either or Lorentzian space L^, and by the stereographic projection of onto M'^ we 
mean the map that assigns to each P G H[|, the point of where the hne through the 
points —2Re^ and P intersects M^. Our final result is the following. 

Theorem 6. Let (p: — > &e a superconformal surface parameterized by (0). Then, 
the following assertions are equivalent: 

(i) Either cj) or its dual is the composition of a superminimal surface in a sphere §|j (resp., 
]HI|jj with a stereographic projection ofE>\ (resp., onto B{0;2R) C M'*. 

(a) Both (f) and its dual are compositions of superminimal surfaces in a sphere S|j (resp., 
with a stereographic projection ofEij^ (resp., onto B{0;2R) C W^. 

(Hi) The holomorphic representative G of g takes values in Q4/J2 (resp., Q-^fp ). 

In order to relate the preceding result to Theorem HJ we observe that holomorphic curves 
in can be characterized as the minimal surfaces whose holomorphic representatives take 
values in the quadric Qo (see Proposition [T7l below) . 



2 The ellipse of curvature 

In this section we recall some of the basic properties of the ellipse of curvature of a surface 
M ^ — > A^^ in a four- dimensional Riemannian manifold. 

Given an orthonormal basis {Yi,Y2} of the tangent space TpM at p G M^, denote 
Oiij = a^piYi, Yj) for I < i, j < 2. Then, we have for any v = cos 6*^1 + sin6'Y'2 that 

a^{v, v)=H + cos 26 ^^^ ~ + sin 2gai2, (4) 

where H = |(q;ii + 022) is the mean curvature vector of at p. This shows that when v 
goes once around the unit tangent circle, the vector a^{v,v) goes twice around an ellipse 
centered at H, the ellipse of curvature E{p) of at p. Clearly, E{p) can degenerate into a 
line segment or a point. 

It follows from (jll) that E{p) is a circle if and only if for some (and hence for any) 
orthonormal basis of T^iy^M it holds that 

(ai2, an — 0:22) = and Han — q;22|| = 2||q;i2||. (5) 

Let {?7, be an orthonormal basis of the normal space T^^^M at p with rj = H/\\H\\. 
Take {Yi, Y2} as an orthonormal tangent basis of eigenvectors of the shape operator with 
respect to (, and let fi and — be the corresponding eigenvalues. Denoting = Yj) 
for 1 < i, j < 2 we have 

«ii = A^C + -^ii'?; "12 = XuT] and a22 = -K + ^22^- 
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Hence, condition (jS]) for E{p) to be a circle is that An = A22 and A12 = /i. Summarizing, 
E{p) is a circle if and only if the shape operators and have the form 



with A = \\H\\. Notice that in this case /i is the radius of E{p). In particular, E{p) 
degenerates into a point if and only if /i = 0, that is, p is an umbilical point. If A^*^ is 
a space form, observe that the normal curvature Kj^ = {R-^{Yi,Y2)C,ri) with respect to 
the oriented orthonormal bases {Yi,F2} and {?7,C} of TpM and Th -.M, respectively, is 



It also follows from ([5]) that the property that E{p) be a circle is invariant under confor- 
mal changes of the metric of A^^. Therefore, any surface with circular ellipses of curvature 
in a (globally) conformally flat 4-dimensional Riemannian manifold (in particular any su- 
perminimal surface in or H^) gives rise to a superconformal surface in M^. 

3 Superconformal surfaces from minimal surfaces 

In the two first subsections of this section we prove Theorem [H starting with the converse 
statement. In the last one we characterize dual superconformal surfaces in that are 
constructed from minimal surfaces in by the procedure of Theorem [H 

3.1 Proof of the converse of Theorem [1] 

Let 0: — be a simply connected oriented surface that has nondegenerate circular 
ellipses of curvature everywhere and nowhere vanishing mean curvature vector H . Let 
{r], (^} be an orthonormal normal frame with rj = H/\\H\\. By the discussion in the previous 
section, there exists an orthonormal tangent frame {Y'i,y2} such that the shape operators 
and are given everywhere by ([6]), with nowhere vanishing. Thus, we may assume 
that ^ > everywhere. Hereafter, we let and T^M be oriented by the orthonormal 
frames {Y'i,y2} and {rj^C^}^ respectively. Moreover, we always denote by J the complex 
structure on compatible with its orientation. 




and 





(7) 
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Zf + a^ = 1. 



(9) 
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Since ker(A^ — XI) ^ everywhere because /i 7^ 0, we have that a is nowhere vanishing. 
Otherwise g^Z would be somewhere normal to 0, which would imply, by taking tangent 
components for X = Z in 

= g,X - (Vr, X)r] - rr/,X, (10) 

that Z G ker(y4^ — XI), and this is a contradiction. Thus, we may assume that a > 

everywhere. Extend ^ to an orthonormal frame {^, 6} of T^M. It follows from flTU]) that 
= {ri,(f)^X) = {ri,g^:X) — (Vr, X), hence the tangent component to g of r] is g^S/r. Thus, 
we may write 

7] = g^S/r + p^ + h5 (11) 

for p, 6 G C°°(M) satisfying 

llVrf + p2 + 52 ^ ^_ (^2) 



Lemma 7. T/ie following holds: 

{i) p = 0, b = ±a and JZ = Vr. 

(ii) /i = —r( satisfies = g^o J. 

Before proving Lemma [3, let us see how it yields the converse statement of the theorem. 
It follows from part {ii) that g and h are conjugate minimal surfaces. By ([7]), ffTTl) and 
part (i), we have 

(p = g — rri = g — rg^Vr ± ar5. (13) 

Now, 

- rg.Vr = -rg.JZ = J^{-rg,Z) = J^h^ , (14) 

where denotes the tangent component to g of the position vector h. On the other hand, 
if J+ and J_ are the complex structures on T^M defined by J±^ = ^6, then 

± ar6 = J±(-arO = J±h^ = J±h^ , (15) 

where is the normal component to g of the position vector h. We obtain from 0131) . 0141) 
and (|T5|) that cj) is given by ([2]). 

Proof of Lemma^ The proof of Lemma [7] will be given in several steps. We start with the 
following preliminary facts, where By denotes the shape operator of g for v G T^M. 

Sublemma 8. We have 

{BsZ, X) = a( Vi5, for any X eTM (16) 

and 

Hessr{Z) - -Z + B^{a\/r - pZ) + aVp = 0. (17) 
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The Codazzi equations for yields 

and < 

YM = A^(K,) - l^^iYi) + 2^r?i I YM = ri(A) - i2^{Y^) + 2/ir?„ 

where Tj^ = (Vy.yj, Yj) and is the normal connection form of (p given by ip{X) = {VxC rj). 
Subtracting each equation of the first system from the corresponding equation of the second 
yields 

r2(A) + A^(ri) =0 

(18) 

ri(A)-A^(r2) = o. 

Differentiating g = (p + —rj and using (P) and (fTSl) gives 

A 

^?*>^2 = -\ (-^(^i)// + + ^(F2)C) • 

Therefore, the vector field il){Yi)(j)^Yi — ilj{Y2)(j)^Y2 + Z^'? is normal to and since it is 
orthogonal to ^, it is in the direction of 5. Thus, from 

Cri = -/i</)*ri + ^(ri)r7 

we obtain that (C*^', ^) = 0, which is easily seen to be equivalent to f|T6|) . Then, 

CX = g,DX+{K,X)^, (19) 

where 

DX = VxZ - aBi:X and fsT = Va + B^Z. (20) 
The orthogonality between rj and C yields 

(Z,Vr) + ap = 0. (21) 

Hence, 

(Vx^,Vr) = Vr) - (Z,Hessr(X)) 

= -X(a)p-aX(p) - (Z, Hess r(X)) 

= -(pVa + aVp + Hessr(Z),X). (22) 

It follows from ([19]), ([20D and ([22]) that 

{(^X, 7]) = {DX, Vr) + p{K, X) = -(Hess r{Z) + B^{aVr - pZ) + aVp, X). (23) 
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On the other hand, 

(C, = X(C, g) - iCX, g-rr^) = {Z, X) + r(CX, r/), (24) 

and thus fll7p follows from fl23l) . fl24p and the fact that C, is normal to 0. 

The next step is to express ([6]) in terms oi g. It is convenient to use the orthonormal 
frame 



with respect to which ([6]) becomes 

A,Xi = (A + /x)Xi 



A^X2 



(A-/i)X2 



and 



A^Xi = fiX2 
A^Xs = fiXi. 



Hence, 



r7,Xi = -(A + ^)0,Xi-^(Xi)C 
r7,X2 = -(A-/x)0,X2-V^(X2)C 
C*X, = -fi<f),Xj + tlj{Xi)7], 1 < z ^ J < 2, 
In view of ( fTOj) . this is equivalent to 

r'^fi'n^Xi = 9i{g^Xi - rir^) + rV^(Xi)C 
rV^*^2 = 02{-g*X2 + r2r7) - r^(X2)C 
C*Xi = -fig^Xj + nir-q^Xj + rjr]) + ip{Xi)'r], I <i ^ j <2, 

rfi), 02 = {1 — rfi) and rj = (Vr, Xj) for 1 < i < 2. 
rj,X = g^QX + (T, X)^ + (P, X)5 



where = (1 
We have 



where 



Q = Hess r — pB^ — bBs 
T = \/p + B^Wr + -BsZ 



P = Vb + BsVr - -BsZ. 

a 



To proceed we use that the normal connection form ip oi (p can be written as 



^(X) = — {Z, X) for any X eTM 



(25) 



(26) 



(27) 



(2^ 



in terms of data related to g. This follows immediately from (|T71) and (|23|) . 
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Using (1251) . the (5-component of (12^ gives 

r^fx{P, Xi) = -r^ihr, + X,), 1 < z ^ j < 2. 
Replacing the first two equations into the last two yields 

ri = -(Z,X2) and r2 = (Z,Xi). 
Taking the tangent component to g of fl2B]) and using (1301) we obtain 

rVQX2 + ^2^X2 + riZ = 
rDXi + r/iSXa - r V<5^2 + r2Vr = 
^ rDX2 + r/i5Xi - r^Q^i - ^iVr = 0, 

where 

S = I - {Vr,*)Vr. 
Finally, computing the ^-component of (1261) yields 

rV(T,Xi) = -Vn-a(Z,Xi) 
rV(T,X2) = Vr2 + a(Z,X2) 

r(ir, X,) = rV(r, X,) + r/ipr, - p{Z, X,), 1 < 2 ^ j < 2. 
We now prove: 

Sublemma 9 . The metrics induced by g and cf) are conformal. Namely, 

2 2 

{g,X,g,Y) = ^-^{(P,X,(P,Y). 

From ffTOj) and fl27|) we have 

5,, = (0,X„0,X,) = (X,,X,) - nrj - 2r{QX,,Xj) 

+r\{QX„QXj) + {T,X,){T,Xj) + (P, X,) (P, X,)). 

Taking inner products of the first and second equations in (!3T|) by X2 and — Xi, 
and adding them up taking (!30|) into account, yields 

(Xi,X2) = 0. 
10 



We compute from the first two equations in ([21]), bearing in mind (15U]) . that 

r^^,{QX^,X^) = ^^{\\X,r-rl)-rl 
rV(gX2,X2) = -d^{\\X,f - rl) + rl 
r{QX,,X2) = -nr2. 
Using and fl2Tl) . we have 

rV'IIQXif = + (llVrf - 2)r?) - 2ei(ri + apnr^) + (1 - a2)ri 

rV'||gX2f = eliWX^f + (||Vrf - 2)ri) - 202(r? - apnra) + (1 - a^f 
r^fi^QX,, QX2) = (^1^^2(1 + + - - - + l)rir2 - ap^Oirl - ^2ri). 
From (I5U|1 and ([33]) we obtain 

r^/i(T, Xi) = -Oipri - ar2 and r^/i(T, X2) = 6'2pr2 - ari. 

Thus, 

rV'(T, Xi)2 = + a'^rl + 2e,apnr2 

rV'(T,Xi)(T,X2) = (a^ - 0i02p')rir2 + 9iaprl - d2aprl 

rV(T,^2)' = ^2P'^2 + d^rl - 2e2apnr2. 
From the first two equations in fl2^ we get 

r'p'{P,X2r = elb'rl 
rV(P,Xi)(P,X2) = -^i^2&Vir2. 
Replacing ([36]), ([37]), ([38]) and ([39]) into ([35]) we end up with 

\\X,r = r^p' + rl + rl = \\X2r, 

and (IMj) follows easily. 

It follows from Sublemma [H] and fl30p that JZ = Vr. We conclude from 0211) that p 
hence b = ±a by ([9]) and f[T2l) . and the proof of (i) is completed. 

We now prove (ii). Replacing the first two equations of (|HTi) into the last two gives 

rDXi + SX2 + nZ + r2Vr = 
rDX2 - SXi + r2Z - ri Vr = 0, 
that can be written as 

rDX = -JX - {Wr,X)Z. 
11 



(42) 



On the other hand, replacing the first two equations of fl33l) into the last two yields 

" r(K,Xi) = a(Z,X2) 
r{K,X2) = -a{Z,Xi). 
Taking (l30l) into account, the preceding equations reduce to 

rB^Z + V(ar) = 0. (43) 

From f|T6|) we have 

VxC = -g.B^x + vie = -g*B^x - -(a,(Z,X) - {B^Z,X)0, 

a 

where ag denotes the second fundamental form of g. Hence, 

-arVx^ + r{B^Z, X)^ = arg.B^X + rag{Z, X). 

In view of ( H3|) the left-hand-side is Vx(— ar^). For the right-hand-side we have 

arg^B^X + rag{Z, X) = arg^B^X + r{Vx9*Z - g^VxZ) 

= g,{arB^X - rV xZ - X{r)Z) + Vx{rg.Z). 

Therefore, we obtain using ( l4Ti) that 

KX = g,{arB^X - rV xZ - X{r)Z) = g,{-rDX - X{r)Z) = gJX. | 

3.2 Proof of the direct statement of Theorem [1] 

For the proof of the direct statement we need the following general fact. 

Proposition 10. Let g: M"+^ he a simply connected oriented minimal surface with 

complex structure J compatible with the orientation and let h: M"+^ be a conjugate 

minimal surface such that 

h^= g^o J. (44) 

Thenr = \\h\\ satisfies ||Vr|| < 1 everywhere. Moreover, on the complement of the subset of 
isolated points of where a = a/1 — ||VrP vanishes, there exists a smooth unit normal 
vector field i to g such that 

h = ~r{g^Vr + a^). 

Furthermore, 

{BsJVr, X) + a(Vi5, = for all 5 E span{^}^ (45) 

and 



B. = —(rHessr - S) o J, (46) 
ar 



where S is given by (E^. 
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Proof: Decompose h = g^T + into tangent and normal components to g. From fl44p we 
obtain 

VxT - B^nX = JX 

(47) 

ag{X,T) + Wj^h^ = 0. 

It also follows from (jUj) that the tangent components of the position vector h with respect 
to g and h coincide. Since the latter is /i*(rVr), we get 

g.^:T = K{r\/r) = g^{rJVr), 

hence T = rJVr. From = + we get = r^|| Vr|p + which implies 

that ||Vr|| < 1 holds everywhere. By the real analyticity of g and h the points where the 
function a vanishes are isolated. On the complement of the subset of such points we have 
\\h^\\ = ar. Thus, we can write h'^ = —ar^ for a unit normal vector field ^. Then, using 
that J o B^ = —B^ o J, for is traceless, the first equation in P7|) reduces to fH6l) . whereas 
the span{^}-'--component of the second yields fH5l) . | 

Setting 5± = J±^ and ri± = g^S/r + a5±, we have from Proposition [TO] that 

It follows from ( |T0|) that rj± is a unit normal vector field to 0±. Let C be defined by (IHl) 
with Z = —JVr. Then has unit length and is orthogonal to ?7±. We obtain from ( H5l) 
that (fT9l) holds, hence we have (l23l) with p = 0, and also (!24l) . /^From fH6l) we get 

rHess r(Z) - Z + arB^Vr = 0, (48) 

which implies, using (1231) (with p = 0) and fl24l) . that C is normal to 0±. 

Therefore, to complete the proof it suffices to show that there exists an orthonormal 
tangent frame {Xi,X2} (with respect to the metric induced by 0±) satisfying (!25|) . Since 
Bs^ and B^ are traceless symmetric 2x2 matrices, we have 

{Bs^ + B^jy = all (49) 

for some smooth functions a±. By analyticity, either a± vanishes identically or it vanishes 
only at isolated points. In the first standard argument shows that the complex 

structure JT" = J © J± on g*TM.'^ is a parallel tensor, hence defines a complex structure on 
with respect to which g is holomorphic. Then, in this case the conclusion follows from 
Theorem HI Therefore, we may assume in the sequel that a± is nowhere vanishing, hence 
there exists fi± e C°°(M) such that a± = —a/r'^fi±. Since Bs^ + B^J = a±R± for some 
reflection R± by (H9|l . it follows using fH6|) that 

Bs. = -(Ressr ~ -S) - ^^R±. (50) 
a r r^fJ'± 
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Let {X^, X^} be the orthonormal basis of eigenvectors of R± (with respect to the metric 
induced by g), with X^ corresponding to the eigenvalue +1 and X^ = JXf. Define 

Xf = ^Xf, l<j<2. 

We claim that {X^ ^ X^} is the desired orthonormal frame. In order to prove (l25l) . it suffices 
to show that ([26]), or equivalently, ([29]), ([3l]) and ([33]), holds for and X^ . 

Since we have f l30]) . because JX^ = X^ and JZ = Vr, system f l29]) reduces to its first 
two equations. These are in turn equivalent to 

rBsXIr + -^R±Vr + V(ar) = 0, 

which follows from (l50l) . Now, (1501) also implies that 

rQ = S + ^R±. 
r/i± 

Moreover, from (l46l) we get (I4T1) . hence (I3T1) is satisfied. 

From (1^ we also obtain (H3l) . and hence (ll2i) . Moreover, (1^61) and (l50l) imply that 

5.Vr + Bs^Z + -^R±Z = 0, 
thus (!33l) is satisfied. Since we now have (j36l) . (!37j) . ( j38l) and (!39l) . then 

follows by using that (Xf ,X2=^) = and ||Xj^f = r^i/a^ for 1 < j < 2. 

Finally, that (p^ and 0„ envelop a common central sphere congruence, with g as the 
surface of centers, follows from the facts that for each p G we have 

Mp) + H+ip)/\\H+ip)f=g{p) = <p.ip) + H-ip)/\\H-{p)f 

and 

{^+),TpM © span{H+{p)} = {(l)-),TpM © span{iJ_(p)}, 
for ({p) is orthogonal to both subspaces. | 

Remarks 11. (1) It follows from the proof that 0± may fail to be regular only at points 
where the function a in Lemma vanishes, that is, at points where the position vector of 
h is tangent to g, and at points where the shape operator of g with respect to any normal 
direction (3 satisfies Bj^^ = —Bp o J. The latter can be seen as the "holomorphic" points 
of g, that is, points where the ellipse of curvature of 5^ is a circle. 

(2) If we change the conjugate minimal surface h hy h + v for any v G M^, then the 
corresponding surfaces 0± are changed by addition of J±v. One can check that the latter 
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is just a parameterization of an open subset of the two-dimensional equator in S^(||t>||) 
orthogonal to v. Moreover, the parameterization is conformal to g and singularities occur 
at points where the ellipse of curvature of 5^ is a circle. 

(3) It follows from Sublemma [HI that the metrics ( , )+ and ( , )_ induced on by 0+ and 
0_, respectively, are related by , )+ = , )_. 

(4) For any element of the associated family gg = cos 6g + sin Oh of the minimal surface g, we 
have a pair (0^, 0^) of dual superconformal surfaces in M'^ determined by the pair [gg, hg) 
of conjugate minimal surfaces gg and hg = — sin 9g + cos 9h, which also satisfy hg^ = gg^ o J. 
Namely, 

(j)i = ge + J±hg = Jig + J^h, 

where 

JI-O g^ = g^ (cosOI — sin 9 J) , J^o g^ = g^{sm 91 + cos 9 J) 
and JIItj-m and JUtj-m are given, respectively, by 

JI I M = cos9I - sin 9J± , JI \ t± m = sin 91 + cos 9J± . 

It is an interesting question whether {0^} coincides with the associated family of 0± in the 
sense of [10], Corollary 2.7. 

3.3 Superconformal surfaces from minimal surfaces in 

In this subsection we consider the problem of determining when a pair of dual superconfor- 
mal surfaces 0+ and 0_ differ by an inversion in M^. 

Proposition 12. Let (0+, 0_) be a pair of dual superconformal surfaces constructed from 
a minimal surface g: — ^ M'^ C by the procedure of TheoremUi Then, the following 
holds: 

(i) The maps 0+ and 0_ differ by a reflection with respect to M? . 

(a) For any inversion X with respect to a sphere centered at a point Pq ^ M'^, the maps 
Xo0_,_ and2o(j)_ define dual superconformal surfaces that differ by an inversion with 
respect to the sphere X(M^). 

Conversely, any pair of dual superconformal surfaces that differ by an inversion in arises 
as in {ii). 

Proof: If g: ^ is a minimal surface such that giL"^) C M^, then 

0± = 5- + Jh^ ± {h,N)e4, 

where is a unit normal vector field to (7 in M'^. This proves the first assertion. The second 
follows from a well known property of inversions. For the converse, if a pair (0_|_, 0_) of 
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dual superconformal surfaces differ by an inversion in with respect to a hypersphere 5", 
tlien eacli element of their common central sphere congruence is orthogonal to S, since it 
passes through a pair of inverse points. Then the image of S by an inversion X with respect 
to a point contained in it is a hyperplane and any element of the common central sphere 
congruence of T o and X o 0_, being orthogonal to M^, has its center therein. Therefore 
I o (f)_^_ and I o are constructed as in Theorem [T] from a minimal surface g: ^M?. | 

The following example shows that minimal surfaces in M? give rise to nontrivial examples 
of superconformal surfaces in by means of the construction in Theorem [TJ 

Example 13. Consider the catenoid and the helicoid in parameterized, respectively, by 
g{u,v) = (cosh t> cos M, cosh f sin M, f) and h{u,v) = (— sinh w sinw, sinhf cosm, — m). Then 
the corresponding dual superconformal surfaces given by Theorem [1] are 

'cosM — Msinti, sin-u + m cos M,f cosh f — sinhw, itisinhf). 



coshf 



4 Proof of Theorem [2 



For the proof of Theorem [2] we need the following well-known fact. 

Lemma 14. Let /: M"" ^ be an isometric immersion and let X he an inversion with 
respect to a sphere with radius R centered at Pq G M^. Then, 

n-i-2 ^/!;J-% if-p.) (51) 

is a vector bundle isometry between the normal bundles T^M and Tj^jM. Moreover, the 
shape operators and A-p^ are related by 

M = ^i{f- Po, f - Po)A^ + 2{f - Po, on ■ (52) 

In Section 6 we will need the following analogue of Lemma [T3] for isometric immersions 
/: — > L-^ into Lorentzian space and the "inversion" 

X(p)=p (p-p) P^Pq. 

with respect to the hyperbolic space H^"^ := M^^^^Pq; R) of radius R "centered" at 
Po e L^, i.e., 

H^-i = {P G : (P - Po, P - Po) = -R^}. 

Lemma 15. Let /: M" be an isometric immersion and let X be an inversion with 

respect to H^^^. Then ( [37]) and ( fJ^j hold true if we replace R^ by —R^ in the latter. 
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Proof: We provide a proof for the sake of completeness, which also applies for Lemma dH 
An easy computation shows that 

where V: /*TL^ ^ f*Th^ is given by 

VZ = Z-2{f- Po, Z) (/ - Po, / - Po)-'(/ - Po). 

Since P is easily seen to be a vector bundle isometry, it follows from f l53|) that it restricts to 
a vector bundle isometry of Tj-M onto itself. Denoting by V the derivative in L^, equation 
( l52l) follows by taking tangent components in 

\J - -fo, / - -fo; 

\/ — -TO, / — -To/ 

Proof of Theorem \^ Define 

C^ = {\^ j^y^)-y\yVr]-\VC) and 77 = + z/2)-i/2(^p^ + ^p^) 
where = A||0p + 2(0, 77), P^^^ = 2(0, C) and P is given by dH]). Using ([52]), we obtain 
replaced, respectively, by 

T / V9 . -9 \ 1 /9 1 ~ 1 II , II ' 

/i. 



that the shape operators Afj and of = X o = -M^cj) are given as in ([6]) with A and /x 



The pair (^, /;,) of conjugate minimal surfaces associated to is 

g = (j) + rri = (t)^ and h = -rQ = ^„ _„ ■ (54) 

A^ + z/^ A^ + z/^ 

We have 

R\j,^ + A^) = 4((0,C)^ + (0,77)^ + A(0,r7)||0f ) + Al0r. (55) 
On the other hand, from 

^^ = ^-2^0 and ^C = C-2^0, 



we obtain 



R^iXPr^ + ^rc) = 2(0, C)C + 2(0, - A0) + XUrr^ - liiM!_±iM)!)<^ (55) 
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and 

R\vVii - XVO = 2(0, Oiv + A0) - (2(0, v) + \Uf)C (57) 
Using that X = l/r,(j) = g — rt] and h = —r(, we have 

(0,0 = --(^,^), {(P,V) = {9,V) -r and = \\gf - 2r{g,r]) + r^. 

r 



Thus, 

Hence, from fl54l) we get 

_ ^_ APr/ + uVC _ {\\gf - \\hf)g + 2{g, h)h 

and 

I ~ 2{g,h)g-{\\gr-\\hr)h 
4{g,hy + {\\g\\^-\\h\\'y 

Therefore, 

ig,h)=Fo{g,h), 
where F: ]R"+2 x M"+2 ^ ik"+2 ^ jg gj^^^ 

y. ^ mr-\\vr)u+2{u,v)v,2{u,v)u-{\\ur-\\vr)v) 

i?2 ^ ' ^ 4([/,V)2 + (||[/||2- ||V||2)2 

Then, as a map F: C""*"^ C""*"^, we can write F as 

1 {(Z,Z)) = z 



Remark 16. For an inversion X with respect to a sphere centered at an arbitrary point 
Pq e M^, the formula in Theorem [2] becomes g — Pq — ih = o [g — Pq + ih). 

5 Superconformal surfaces and holomorphic curves 

The main goal of this section is to prove Theorems H] and O Along the way we establish 
some additional facts on holomorphic curves and their compositions with an inversion in 
M'^. We also look at the Whitney sphere in the light of our results. 



18 



5.1 A characterization of holomorphic curves 

In this subsection we prove the following characterization of holomorphic curves that is 
interesting on its own right. 

Proposition 17. Let g: A/P be a simply connected oriented minimal surface whose 

holomorphic representative g + ih: takes values in the quadric Qo C C. Then, g 

is holomorphic with respect to some complex structure J on and its conjugate minimal 
surface is h = Jg. 

Proof: By the assumption we have 

(^,/i)=0 and ll^f = ||/i||2. (58) 

Differentiating the first of equations (l58l) and using that = g^ o J, we obtain that the 
tangent components g^ and of the position vectors of g and h, respectively, are related by 
h"^ = Jg^ . Then, by (l58l) there exists a complex structure J on T^M such that Jg^ = h'^ . 
Differentiating (1581) twice gives 

K(X,y),^^) = -(a,(X,F),/i^) = -{a,iX,Y),Jg'') = {Ja,iX,Y), g"") 

and 

K(X,y),/i^) = {a,iX,Y),g'') = -K(X,F), J/i^) = ( Ja,(X, F), /i^). 

Hence, at = J o ag. Since conjugate minimal surfaces satisfy ah{X,Y) = ag{X, JY), it 
follows that 

ag{X, JY) = Jag{X,Y). 

Thus, the complex structure J' = J (B J on g*TM.'^ extends to a complex structure on 
with respect to which g is holomorphic, and we have that h = Jg. | 

5.2 Minimal surfaces and inversions of holomorphic curves 

We now determine the holomorphic representative of the minimal surface associated to the 
composition of an inversion with a holomorphic curve. Given an oriented holomorphic curve 
/: M^, we denote by J the complex structure on Tj-M determined by the opposite 

orientation to that induced by the vector bundle isometry V: Tj-M — * Tj^jM from the 
orientation on T^^jM defined as in the proof of Theorem [H 

Proposition 18. Let f: —^M.^ he a holomorphic curve and letX he the inversion in R^ 
with respect to the sphere of radius R centered at the origin. Then, the holomorphic curve 
in associated to f = I o f is 

9 + ^h = -^,{r + zJf''). (59) 
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Proof: Following the proof of Theorem [2] with A = 0, we obtain from (133]) that 

On the other hand, ( l56l) and (1571) now reduce, respectively, to 

llf^lP 

i?'(APr/ + z7PC) =2/^-4^f^/ (60) 



and 

R'iuVv - XVQ) = 2(/, Ov - 2(/, V)C = -^Jf'^. (61) 
Then follows from (131). (IBO]) and (IM]). ■ 

Remark 19. For an inversion X with respect to a sphere centered at an arbitrary point 
Po £ I^'', formula (l59l) becomes 

^ + = ^0 + ^p^)iV||2 ((/ - ^o)^ + ^J{f - Pof), 

where (/ — Pq)^ is the normal component of the position vector of / with respect to Pq. 

The first assertion in Theorem [5] is a consequence of the following general fact. 

Proposition 20. Let /: iVf^ i^^n+p ^ holomorphic isometric immersion of a Kaehler 
manifold of real dimension 2n. Then F = /^/||/^||^ is anti-holomorphic with respect to the 
complex structure J of C"^^ if and only if f^ G ker , where is the span{f^ , Jf^}'^ 
component of af. In particular, this is always the case if the complex codimension is p = 1. 

Proof: Denote for simplicity g = f^ and h = f'^. We have 

g.^Z = Z — Vzh — OLf{Z, h) 



and 

We conclude that 
Then 

and hence 



g^Z = -AfZ + V^g. 
g,Z = ~AlZ-af{Z, h). 

= -;r\ni\\9f9*Z - 2{g^Z,g)g), 
\\9\\ 



WgfF^Z = -WglWA^Z + af{Z, h)) + 2{af{Z, h),g)g. 

Equivalently, 

WgfF^Z = -A[Z + ^((«/(^, h),g)g - {af{Z, h), Jg)Jg) - aj{Z, h). 

It is now easy to see that 

o J = — J o if and only if /i G ker . | 
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Remark 21. Now that we know that for a holomorphic curve /: with respect 

to a complex structure J on the map defines an anti-holomorphic curve with 

respect to J, it follows that the complex structure J on Tj-M is the restriction of — J to 



5.3 Proof of Theorems [4] and [5] 

Proof of Theorem ^ If either or its dual parameterizes the composition of an inversion 
with respect to a sphere of radius R centered, say, at the origin, with a holomorphic curve 

r,2 fN 

with respect to a complex structure J, then the associated minimal surface is, g = fjiJ^^' 
which is anti-holomorphic with respect to J by the assertion in Theorem [5] already proved. 
If either or its dual only takes the value 0, then the holomorphic representative g+ih of the 
associated minimal surface g takes values in Qq? and hence [Hi) follows from Proposition [T7i 
Conversely, if g is holomorphic with respect to some complex structure on M^, h = J g 
and J+ is the restriction of —J to T^M, then 0_ reduces to the constant map 0_ = 
and its dual is 0+ = 2g^ . Thus, the assertion in Theorem [5] already proved implies that 
= 0+ = 2g'^ is as in (i). | 

Proof of Theorem{5^ We already know that f ^ f* = /^/2||/^|p maps 7^+ into 7^„. Since 
/* is the minimal surface associated to by Proposition [T8l that / and /* induce 

conformal surfaces on follows from Theorem [H Finally, since /* is anti-holomorphic 
with respect to J, the fact that /* is the minimal surface associated to implies that 

//ll/f = 2(/T- Hence, 

||2(/*)^||2 2||(/*)^||2 ' ■ 

In particular, this implies that the map / t-^ /* is a bijection between 7i+ and 7Y_. | 

5.4 The Whitney sphere 

The Whitney sphere is the immersion 

1 + 

of the unit sphere §^(1) into the complex Euclidean plane. Among several interesting 
characterizations, the one that concerns this paper is as the only Lagrangean super conformal 
surface in due to Castro [3]. 

The Whitney sphere is just the composition Xo / of the holomorphic curve /: C* ^ 
given by 

f{z) = {zMz) 

with the inversion I with respect to the sphere of unit radius centered at the origin. 
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By Proposition [TSl if we orient and T^^S^ as described in the paragraph preceding 
it, then the pair {g, h) of conjugate minimal surfaces associated to X o / is given by 

g = \lof and h='-lof. 

An easy computation shows that 

1 i 

9{z) = -{l/z,z) and h{z) = -{l/z,z) . 

In fact, the construction of Theorem [1] apphed to g gives 

+ J-_/i = 2^^ = ^Jol/ = Jo/. 

6 Superconformal and superminimal surfaces 

In this section we prove Theorem [6] and illustrate our result with the Veronese surface. 
6.1 Proof of Theorem [6] 

First we consider the case of Sfj = S^(i?e5; R). Regard the stereographic projection of §|j 
onto as the restriction to S|j. of the inversion 1 in with respect to the sphere of 
radius 2R centered at 2Re^. Now, given a superminimal surface /: we obtain as 

in Proposition [TSl (see also Remark [T9i) that the pair {g,h) of conjugate minimal surfaces 
associated to X o / is 

, 2R\f-2Re,r . , 2R^J{f-2Re,r 
g = 2Re^ + ^tt ^r; — ttttt^ and h 



\\{f-2Re,Yr \\{f-2Re,rr ' 

where (/ — 2Re^)^ is the normal component of / with respect to 2Re^. Thus, 

{g,h) = {] and ||(7-2i?e5|| = (62) 

and hence g + ih takes values in Q4ij2. 

Conversely, assume that the pair {g, h) of conjugate minimal surfaces that gives rise 
to 0+ and 0_ satisfies (l62l) . We claim that X o is a superminimal surface in §|j. The 
arguments for 0+ and (p- being the same, in the sequel we omit the subscript ± for simplicity 
of notation. 

Set R = 2R, Po = 2Re5 and define 

- _ uVt] - XVC , _ XVri + uVC 

^ ~ (A2 + z72)l/2 ^"""^ - (A2 + 1/2)1/2' 
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where V is the vector bundle isometry between Tj-M and T^^j-M given by flSlI) . 

R^u = 2{(P-Po,0 and i^'A = A||0 - Pof + 2(0 - Pq, 

Using Lemma [TH we obtain that the shape operators Afj and of X o are given as in 
(Q with A and /i replaced, respectively, by 

A = (A + z/ ) ' and /i = =- /i. 

it"' 

Since f l62l) holds, using that h = and g — Pq = cj) — Po + —t] we obtain 

A A 

{(l)-Po,C) = {g-Po-jv,0 = 

and 

^(0 - Po, r]) = 110 - Pof + ^ - 11^? - Pof = 110 - Poir + ^ - ||/^f = 110 - Pof. 

Thus, u = = X, and hence A = 0, which is equivalent to X o being superminimal. 

In the case of Mj^ = HI^(— Pe5;P), let X: El|j —>■ denote the stereographic pro- 
jection defined in the introduction. Notice that the image of by X is the open ball 
P(0;2P) C M^, the induced metric on P(0; 2P) being the Poincare hyperbolic metric of 
constant sectional curvature —l/P?. Observe also that X can be regarded as the restriction 
to H[|j, of the "inversion" X on with respect to W^{—2Re^\ 2R) (see Lemma [T5|) . Taking 
Lemma [15] into account, the remaining of the proof is entirely similar to that of the spher- 
ical case, the conclusion now being that {g, h) is the pair of conjugate minimal surfaces 
associated to X o /, where /: — is a superminimal surface, if and only if 

{g,h) = and {g + 2Re^, g + 2^65) = (/i, h) , (63) 

that is, if and only ii g + ih takes values in Q-^R-i . | 



6.2 The Veronese surface 

2 

1/ 



The Veronese surface /: S^/g — » S"^ C given by 



1 1 
f{x, y, z) = ■^-j={2xy, 2xz, 2yz, - ?/^ + - 2^^)) 

is a superminimal surface with constant normal curvature in the sphere. In spherical coor- 
dinates {x,y,z) = \/3(sin99cos^,sin(/9sin6', C0S9?), we can write / as 

2 1 

—=f{Lp, 6) = sin^ (fXi + sin 2^9X2 H — ^(1 — 3 cos^ V^)e5, 
V 3 V 3 
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where (v?, 9) G (0, vr) x (0, 27i) and 

Xi = sm26'ei + cos 2^64, X2 = cos6e2 + sm6'e3. 



We have 



and 



where 



2 df 

—= 7— = sin 209X1 + 2 cos 209X2 + sin 20965 
= 2 sin^ ifX^ + sin 2V9X4, 



X3 = cos 26*61 — sin 2^64, X4 = — sin 6*62 + cos 6*63 . 
Thus, an orthonormal frame {rj, C,} of Tj-S^^g is given by 

Tj = — COSV9X3 + sin(y9X4, 2C = (1 + cos^ v9)Xi — sin2(y9X2 — v^sin^v965. 

Identifying Mf^ with the tangent space of §(65, 1) C at the origin and viewing / as a map 
into §(65, 1), the pair {g, h) of conjugate minimal surfaces associated to the stereographic 
projection of / onto is 

(/- 265)^ , , J(/- 265)^ 

^ = '^^ + 'ii(/-26,n^ ' = 'ii(/-26,nr 

where (/ — 265)^ denotes the component of the position vector f — 2e^ in the normal bundle 
of / (as a map into §(65, 1)). Using that (/ — 65)^ = 0, we obtain 

7;9 = e^- -, rr—17 W = ^5 - 77 r and -h - 



2" (^,e5)2+(C,e5)2 (C,65) 2 ((,65) 

Therefore, we have the conjugate minimal surfaces 

2 4 

g = —= — ((1 + cos^ '^)Xx — 2 sin cos V5X2) and h = —= — (cos ^9X3 — sin 92X4) , 

V3sin ^ V3sin 

which induce the complete metric 

ci.^ = lii±^^(sinVrf^^ + ciV). 
sin Lp 

Amazingly enough, in this case we have a compact superconformal surface generated as in 
(I2I) by a complete unbounded minimal surface. 
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